Define D}y = “EHhe @) “onq ot w € L°(Q,R™) N WH2(€,R™) be continuous, with  C R™ solve
/Bk u, Vu)ok = / Zuk kovue L®(Q,RY) N WA (Q,RY),Yi=1,..,n (1)

and B¥ = B*(z,p) a quadratic form in p, and CP¥(R") and bounded in z(i.e. B¥ = bfj(z)p};pi so B¥(u,Vu) =
by, (u)ulku]k) In particular B € C*(R™ x R™*").
We will show the following:

Theorem 1. Let u € L=(Q,R") N WH2(Q,R") with Q@ C R™ a bounded domain solve (1). Then for each U C U C ) it
holds that u € W22(U).

We will proceed in steps.

Define 1 = ¢? as a cutoff function for U. Then for small enough |h| > 0 it holds that w = D; "(n?Dlu) € L=(Q,R™) N
Wy (Q,R™).

Now, we shall investigate certain related linear equations.

Let z € Q with d(z,082) > 2h and define

(1 — t)(iL’l, Pl) + t(l?z, PQ) = (Cl(t), Cg(t)) c R™ x R"™*"
where 21 = u(z), z2 = u(z + he;) Pr = Vu(x), P, = Vu(z + he;).
Lemma 2. It holds that

D! B (u, Vu)(x) = 3 (Dl) / b (er ()5 (07 (1)t + Z Dl / b+ b ) (1)t
1=1 0
under the above hypotheses

Proof. By the fundamental theorem of calculus
Bk(l'Q,PQ) iEl,Pl / ka ].—t (xl,Pl)—f—t(.’EQ,Pg))d

Now, it holds that as B € C1(R™ x R™*") by the chain rule

d

%Bk((l — t)(x1, Py) + t(xa, Py)) ZB )k (t +ZB’“ )k (t)
On the other hand
7 ki
BE (c(t)) = bi5 ,(ca (8) 5 (1)e5” (1)
B (c(t)) = (b5 +bE)e5 (1)
Substitute this and we are done. O

Now, we define af =17 fo e (c1(t))cki(t)eb (t)dt and ¢k = 72 fo (0%, +bh,) kI (t)dt



Lemma 3. With everything as above D{-‘u solves the linear system

/akuluk—i—ckuauk / E u’J J
Q

Proof. Substitute v = w into equation (1)

Now, we have that it holds that

sup (84511 < sup (8,0 + sup b1 ., () = Co

18575 s, RN

sup |b | < Cy
k.i.j

In particular by substitution:
Lemma 4. It holds that

Sup|az | < Can® Zu wu'y = Can?lugl® < Csn?|Vul?
i=1

and

Lemma 5. It holds that sup,, , |ck| < Csn?|Vul

,SUDy, ;i1 |bfj7l(0)|). On the other hand this yields

where C3 = C3([|ul| o ,7,supg ; ;1 ’cm

Ly

Proposition 6. It holds that

/172|D?Vu|2 §C4/ n?|Vu|?| D) dx
Q Q

Proof. 1t is immediate that

m
[ S ptut < [ jaf D Dl 4 ek Dl Dl
j=1

Now,
/|al D! Dk | </0317 |Vu|? Z|Dhuth kl </C’30177 |Vu|?| D ul?
2 =1
and
€
[ ikt < [ coivulppusipit| < 2 [ igupit + £ [ Dl
and finally

|D}u|? < |DfVul?
Then adding them we find that

/ Z|Dh k|

g
2e) / CyerrP|Vul? | Dluf’ + & / |DIVu?
Q nJjo



In particular by taking ¢ = % and bringing the second term over to the right side we get

Co 1
[ DEvup <20+ =4 [ ot Tup|plaf
Q Q

O

We must now estimate 7%|Vu|?|Du|? through the use of the original system.
Let B = Byg(y) for some y €  with d(z,09Q) > max{2h, R} and let v = n?(u —up)|D}u|?>. We adjust 7 so it has support
contained in Bog(y) and is 1 on Bg and pick R possibly even smaller so that oscg(u) < %
Then we get
v = 2m,3(u = up)|Dul® +nPu ;| Diul? + 20*(u — up) Df'u - Diu,

Thus we get
Lemma 7. It holds that

/ Zukzv’j = / 2277777j(uf3(u —up)k)|Dhul? —|—/ ZnQ\ufE|2|Df’u|2dm
L] Q=1 =1
+ zzn (u = up))Dlu - Dl

This implies immediately that

Proposition 8. It holds that
[ IV IDluf? < Kiosenw) [ wP1DIVl + Ko [ aVal*|Dlup
Q Q Q

where Ky = Ky(m,n,sup,,; ; [b;]) and Ky = Ky(R,n, ||ul| )
Proof. We have that

m
| / S ukuk] < / Bl — [Pl < mn sup 1| / IVl u — wg | Dluf?
(ot Q

and we will estimate the three terms in the prior lemma.
First off, since

N =

sup [u(y) — u(z)| = oscp(u) <
|B| B y€EB

1l —up| <
it holds that 1 1
[ = un) Db Dl < 5 [ FRPIDIE 5 [ s iDl
1
< — [ 9| Vul?|DIul? + CnoscB(u)/ n?|DIVul?
dn Jq Q
Now, clearly since

[Vu| < (1 + | Vul?)



it holds
/ 2l 5|1 (u — )| Dl < / 20|V [Vl — || Dl
Q Q

U 1
< gl [ ponpiDtu + - [ P (9uPD?
Q

R,nn
Thus

a i Jull
| St < 5 [ el + (C, +mnsup B oscs (1) [P + g [ v Dl

j=1 CRmn

so in particular

2
/|Vu\2|Dhu|2<2n(C + mn sup |b”|)0803(u)/nQ\D?VU\Q—FiﬂHu”"O/772|V77|2|D?u\2
Q ki Q Cran Ja

We finally may bound the second order difference quotients:

Lemma 9. It holds that there are are constants

Al Al(m n, Sup |b | sup |bz]l‘ 7, sup Hszlucl'y7 sSup |bljl( )|7||u||oo)
] k,i,g,l k1,5, k,i,5,

and

A2 AQ(m n,7y, sup Hszlucl»y? sup |bljl( )‘7 ||u||oo 7R)
yi5J5 ki3,

such that
/ 2IDIVul? < Ayoscs(u) / PIDITul + Ay [Vl
Q Q

and so let U C U C 2 so that U is compact. We note that Q is also compact and so oscg(u) depends only on R, not on
y. Take 2R < 2h < d(x,09) and shrink it so that Ajoscp(u) < 3.
Then it is immediate

Proposition 10. It holds that for y € U that

1
DIVuE < — 1 AVl
I e v A

so that in particular u € W22 (Bg(y)) with lulla 2. 5p@) < (1 + m A2) [[Vully.q

and so

Theorem 11. It holds that u € W**(U) with [lul|y 4.y <

(1+ (1- AloscBR(u)) 2)



